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Abstract
Anaxiomatictheoryisdevelopedonthemulti-relaxationincrystallinesolids
Mathematically,itisatheoryonagenerallinearordinarydifferentialequationoftwo
infinitelydifferentiablefunctions:here,thestressandstrain・Thedifferentialequation
is,ｏｎｔｈｅｏｔｈｅｒｈａｎｄ,ａｄｅｆiningequationofthegenerallinearsolidwhichrepresents
themulti-relaxationofstrainaftertheappliedstress､Propertiesfoundinthemathe、
maticaltheoryareinterpretedfromaphysicalpointofview,byputtingemphasison
naturalcorrespondencebetweenphysico-mathematicalproperties、
LIntroduction
Oneoftheimportantanelasticrelaxationsinsolidsisthepoint-defectrelaxation1)．
Thepointdefectsareclassifiedintoseveraltypes；thesimplestareone，calleda
vacancy,produceｄｉｎａｃｒｙｓｔａｌｂｙｒｅｍｏｖｉｎｇａｎａｔｏｍ,asubstitutionalbysubstituting
anatomofadifferentspecies,andaninterstitialbybringinganeｘｔｒａａｔｏｍｅｉｔｈｅｒｏｆ
ｔｈｅｓａｍｅｏｒａｄｉｆｆerentspeciesintoaninterstitialpositionbetweennormallatticesites
lncontrasttotheseelementalypointdefects,therearecompositedefectsmadeupwith
aclusterofforeign,extraormissingatomsextendingoverafewoflatticesites・The
existenceofthedefectbreaksthetranslationalsymmetryandmaylowertheoriginal
crystallinesymmetrybelongingtothepointgroupoftheperfectcrystaLThepoint‐
groupsymmetryaroundthepointdefｅｃｔｉｓｃａｌｌｅｄｔｈｅｄｅｆｅｃｔｓｙｍｍｅｔｒｙｔｏdistinguish
itfromthesitesymmetryoftheperfectcrystaL
Theanelasticrelaxationisdefinedasarelaxationofthestrainaftertheapplied
stress、Ｔｈｅｄｅｆｅｃｔｓｙｍｍｅｔｒｙｌｏｗｅｒｔｈａｎｔｈｅｓitesymmetryinducesananelastic
relaxationcalledthepoint-defectrelaxationEachspeciesofthepointdefectmay
causeananelasticrelaxationofdifferentrelaxationtimeThereappearsamulti‐
relaxationduetoseveralkindsofpointdefectspresentinthecrystaL
Thedefectivecrystalisconsideredhomogeneous；ｔｈａｔｉｓ，thepointdefectsare
uniformlydistributedalloverthecrystal・Theappliedstress,furthermore,istakento
behomogeneous,sothatthestrainrelaxationaroundthedefectisafunctionoftime，
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indifferentofthedefectpositionThestressandstrainare，therefore，givenasa
fuctionoftimeonly,independentoftheirposition・
Ｔｈｅｐｕｒｐｏｓｅｏｆｔｈｅｐｒｅｓｅｎｔｐａｐｅｒｉｓｔodevelopamathematicaltheoryofthe
multi-relaxationincrystallinesolids,incomparisonwiththephysicalmeaningofthe
correspondingmathematicalproperties．
2．TheGeneralLinearSolid
LetEandぴｂｅｆｕｎｃｔｉｏｎｓｏｆｔｉｍｅｉｎｃｌａｓｓＣ。.:theclassofallinfinitelydifferentiable
realfuctions，calledthestrainandstress，respectively・Asolidisacontinuousbody
whosepropertiesarespecifiedbythestress-strainequation
DefinitionlAsolｉｄｉｓｓａｉｄｔｏｂｅｅｌａｓtic,ｉｆ
Ｅ＝６０ぴ， (2.1）
withapositiverealconstant6ocalledthecompliance,usuallywrittenasノiJ・
Thestress-strainrelationofeqn.(2ユ)istheso-called《CHooke'ｓlaw"2,3)Theelastic
solidisrepresentedbyamechanicalmodeloftheHookeanspring
Definition2Asolidsatisfyingtheequationwithapositivecoefficiｅｎｔ６ｏ
白＝６０◎ (2.2）
issaidtobeNewtonian，whosemechanicalmodelistheNewtoniandashpot・The
quantityoflhisaphysicalquantitycalledtheviscosity,denotedbyj7、
Definition3TheVoigtsolidisdefinedasasolidwherethestressandstrainfollow
theequation：
6＋α,Ｅ＝６０ｏ、 (2.3）
Here，ａ１ａｎｄ６ｏｂｅｌｏｎｇｔｏｔｈｅｓｅｔｏｆａｌｌｐｏｓitiverealnumbersR+・
Theconstantl/tzihasthedimensionoftime,writtenａｓ坊;i､e､,巧＝Mz1,whichis
calledtherelaxationtime
６０ＭF＝坊６０－万 (2.4）
istherelaxationofthecompliance・Thestress-strainequationoftheVoigtsolidis，
then,givenｂｙ
Ｏ
肌一坊Ｅ１｜巧十・ｅ (2.5）
Definition4Thestandardlinearsolid（abbreviatedtoSLS）isspecifiedbythe
differentialstress-strainequation：
６＋α,ｅ＝６０６＋6,Ｏ（α1,60,6,ｅＲ+） (2.6）
ｏｒ
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壜+★－Ｍ+八学小倉+圭一人(`＋ ￥・） (2.7）
with坊＝１/ｔｚ,’ん＝60,ａﾉR＝Mz1-60andtherelaxationstrength」＝ａ/iRh
Thedifferentialstress-strａｉｎｅｑｕａｔｉｏｎｏｆｔｈｅＳＬＳｉｓｅｘｔｅｎｄｅｄｔoadifferential
generallinearequation
Definition5Thegenerallinearsolidisdefinedasasolidfollowingthedifferential
general］inearequation：
〃 冗
已α`ご("~j)＝Ｚ６ｉｏ("~`）（α`,ｂｉｅＲ十,αo＝１)，（2.8）ｊ＝０ゴーO
whereE('m-i),ぴ("-`)ａｒｅ("_ｊ)-foldtimederivativesofthestrainandstress．
3．DiffusionOperator
AdifferentialoperatorDi
D窪【蒜十才I-ぬ+才Ｉ (3.1）
ismtroducedwitM哩多andtheidentit川ermITheoprm川scaUedtho
diffusionoperatorwhichappearsintheequationofdiffusionofthedensity3)．The
relaxationfunctionsareC･ofunctions:ｐｶﾞａｎｄ山,definedas
Ｐ`＋少＝１， （3.2）
‘化)＝exp(－"港))． （3.3）
Severalpropositionsonthediffusionoperatorandtherelaxationfunctionsaresum-
marizedwithoutproof(ｓｅｅｒｅｆｓ３ｏｒ４)．
Propositionl
（１）DiisalinearoperatorofC･ointoC｡｡．
（２）ＤｉＪｆ＝０．
(2)Ｄ仏=、=アサ扉
(3)伽～(才一命形
(3')伽～才叶才仏
For／,ｇＥＣ..，
(4)凸(ん)=ｗ+ﾉDU-鵲
(4'川ｗ)=(ｗ－鵲
(4"川ｗ)-,Ｗ+筈i鼻
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Definition６
(1)匂響(ルゴ徽十÷I|『ERⅢ｡｡}}』響ＬＬ醤`ぬ
(2)ＦｏｒＶＤｒ,,Dr2,…,Dmeathecompositionofoperatorsisdefinedas
（、で,｡、『2)／空ｆＤｒ,(Ｄ麺/）
（怠り廟)竺(蓮D鐵沁
（３）〃瞥器,‘'雀`I
Proposition2Thecompositionsatisfiesthecommutativeandassociativelaws，
１．ｅ､，
（１）ＤｒｌｏＤｍ＝Ｄ『2゜、で１，
（２）（Dru゜Dr2)｡Ｄ電＝Ｄｒ,｡(、吃｡Ｄ廟)．
Hereafter，Ｄで,ｏＤｒ２ｉｓｓｉｍｐｌｙｗｒｉｔｔｅｎａｓＤｒ１Ｄｒ２ａndtheidentityoperatorIisomitted
unlessrequiredtoemphasizethisoperator、
Proposition3
（１）Ｄﾊｰｺ:+(会+会)``+余牙
（２）之D麺=(重り麺)昨(重り蘆北`+(ごり蕊)会
‐"+(菫告胆'一'+…+(鮭)-急(・肌,会ﾙｰ`，
whereQisasubsetofjelementsof2"＝{1,2,…,〃),calledasubsetoforderjoMh，
豊:親隠１９:,f詮:職鰯llIlf鵬晟鰹,蝉,電簡伽Ｔｈｅｋｅｍｅｌａｎｄｉｍａｇｅｏｆｔｈｅｄｉｆｆｕｓｉｏｎoperatorwhichisalinearoperator，ａｒｅ
furtherstudiedForbrevity，thekernelandimageofthediffusionoperatorDゴａｒｅ
ｄｅｎｏｔｅｄｂｙＫｅｒＤｉａｎｄｌｍＤｉ,respectively
Proposition4
（１）ＫｅｒＤｊ＝くりｉ>＝(αﾚｶﾞｌａｅＲ}．
（２）〈KerD`ＵＫｅｒＤｊ>＝ＫｅｒＤ`①KerDj＝{α`J`＋α幼ｌａＭｚｊＥＲ}．
（３）ＫｅｒＤｉＤノーＫｅｒＤｉ①ＫｅｒＤｊ．
（４）ＫｅｒＤ’＝ＫｅｒＤｉ（加之２)．
Here，Ｒｉｓｔｈｅｓｅｔｏｆａｌｌｒｅａｌｎｕｍｂｅｒｓ、Theanglebrackets〈●〉exhibitsalinear
subspaceofthelinearspaceC｡.ｏｖｅｒＲ,generatedfromelementsorasubsetｏｆＣ｡。,and
L1eL2adirectsumoftwolinearsubspacesLlandL2diSjointexeeptforO
Definnition7Productorgeneraldiffusionoperatorofas(ノー1,2,…,〃）is
definedas
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D空〔rim．
［＝１
Proposition5
KerD=ZeKer昨(倉α仏|``‐R｝ｉ＝l
Definition81nverseopratoｒｏｆＤｆｉｓｆｏｒｒｎａｌｌｙｄｅｆｉｎｅｄａｓ
Ｄ?Ⅲ磐棚急(-rlM)Ｉ（34）
ｗｉｔｈ （－群)α‘)oとf1．
Theinverseoperatorismeaningless，ｉｆｔｈｅｓｕｍｏｆｔｈｅｉｎｆｉｎｉｔｅｓｅｒｉｅｓｉｎｅqn.（3.4）
divergesonoperationtoafunctionｏｆｃｌａｓｓＣ｡．､Forinstance，
Ｄ『'`'＝港)ｚ(-『8ＭＭ＝路`)昌IJI'＝r&Ｍｚ’ｊ＝０ Ｊ＝O
diverges
Propo8ition6
ＩＵ１ｉ革ＩｍＤｊ．
P）、/・
SupposethaMielmDi・Thereexistsafunction／ECoosuchthaMi＝，｡/・Then，
Ｄ７１ｊ`＝Ｄｒ１(Ｄが)＝／，
whichcontradictsthedivergenceofD7lj`・
Corollaryl
□
①`華ＩｍＤｊ．
P〆００/；
Ｉｆｐ‘ＥＩｍＤｶﾞ,ｔｈｅｎｊｆ＝１－ｐｉｅｌｍＤ‘,whichcontradictsProp､６．
FromPropl(3),(3')itfollowsthat
Proposition71f灘)≠窓),then
□
仇①ｶﾞｅｌｍロブ．
Proposition81fD71／convergesfor／ＥＣ..，ｔｈｅｎＤｒ１／ＥＣ￣ａｎｄ／ＥＩｍＤｄ・
Pmqf
Foranypositiveinteger腕，
`(D了y)=貢(-才咋'一W+(-才ルバ
whenceifD71／converges,then〃(Ｄｒ１/)alsoconvergesThus,Ｄ71／ＥＣ｡｡､since／＝
Ｄ`(Ｄ71/),／ｅｌｍハ ロ
Proposition9Let〃zbeanypositiveinteger．
（１）川=加川勤)'而竺十7丁洲坑ｊ＝0
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(2)Ｄ『(倉`Mつ一路卿堯少(急MyT万ﾉﾆﾅｱT択一'）
＝浴・負(菖州'ルル+〃)!)升
SinceD71/祁ＥＣ｡｡ａｎｄ'''2＝Ｄ`(、７１ﾉ碗),thefollowingpropositionisasserted
PropositionlOForanypositiveinteger腕，
〈1,'’'2,…,沙>ＣＩｍＤ『（VD藺已匂),or<1,Ｍ2,…,'鮠>ＣｏＱ⑮Ima
Propositionll
（１）ＩｍＤｆロブＣＩｍＤｉ．
（２）ＩｍＤｉロブＣＩｍＤｍＩｍロブ．
（３）ＩｍＤｉＤｊ＝ＩｍＤｊｎｌｍＤｊ．
（４）１ｍ、＝ｎｌｍＤｆ、
ゴー１
4.TheDifferentialGeneralLinearEquation（ＤGLE）
Let，(")beapolynomialwhosecoefficientsａｒｅα/ｓｉｎｅｑｎ.(2.8)：
〃
，(jr)＝Ｚα郷"-`，ゴーＯ
ａｎｄルbethenulnberofdifferentrootsoftheequation：
(4.1）
，(jr)＝０． （42）
ＴｈｅｎｕｍｂｅｒｋｉｓｃａｌｌｅｄｔｈｅｏｒｄｅｒｏｆｔhegenerallinearsolidNow,Ｉｅｔ－ａｉｂｅｔｈｅｒｏｏｔｓ
ｏｆｅｑｎ.(4.2).Then,theproductdiffusionoperatorDisｇｉｖｅｎｂｙ
〃 〃
Ｄ＝Ⅱ(ロハ＋α`)＝Ｚα`Ｃｌﾉｸﾞｰｺﾞ． （4.3）ｉ＝１ｉ＝O
Theleft-handsideofeqn.(2.8)is,then,writtenａｓ比Ｉｆａｉ＞Ｏ(ノー1,2,…,〃),the
relaxationtime路j)istakenasMlliandtheoperatorDiswrittenasaproductOfthe
"diffusionoperatorsD/s:
(``+才）〃Ｄ=＝Ⅱゴー１ 〃=＝ｎＤｉ．ｉ＝１ (4.4）
Theルdifferentrootsofeqn(4.2)arenowdenotedby-aj(ノー1,2,…,ｋ).TheProduct
diffusionoperatorDcorrespondingtoZZ'ｓｉｓｇｉｖｅｎｂｙ
Ｄと『]if(仏十品)＝ｚＭ－ｉｋ （4.5）ゴー１ゴーO
FrolnProp、５，itfollowsthat
Propositionl2
（１）ＫｅｒＤ＝ＫｅｒＤ．
（２）ｄｉｍ(ＫｅｒＤ)＝ん．
ItisanticipatedthatthestrainoftheGLSwhichisthesolutionofitsdefiningDGLE
iswrittenas
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〃
Ｅ=＝ｚｅ‘．
ｉ＝０ (4.6）
ｌＨｅｒｅｅｏｉｓｔｈｅｅｌａｓｔｉｃｓｔｒａｉｎｏｆｔｈｅＧＬＳ,denotedbyEe,ａｎｄotherEisaretheanelastic
strains,usuallydenotedbyea,i,satisfying
恥=砦風 （４７）
Byapplyingtheproductdiffusionoperatortoeqn(4.6)andcombinedwitheqn.(47)，
thefollowingequationisattained．
D一九{D+婁争(,-重"ｺル (48）
withee＝んｏａｎｄｊｉ＝ＭＷ(/u・Thisequationisrearrangedinanotherform
[急{,黒(思才ルー]虐一ﾉU[急(,農(且才)('+員4ﾙ'一]ａ (4.9）
ｗｈｉｃｈｉｓｏｆｔｈｅｓａｍｅｆｏｒｍａｓｅｑｎ(2.8).Then，
α－，是(呂才）
ん一八{,是CEL才)('+呉4)｝
(410）
(4.11）
Ｎｏｗ,ｃｏｎｓｉｄｅｒａＧＬＳｏｆ〃＝２．Thedefiningstress-strainequatioｎｉｓ
Dﾙｰﾊ{肌十金川金D`}。
ＩｎｔｈｅｃａｓｅｏｆＤ`＝ロブ,thisequationbecomes
D定=ﾉbD(D`+△志=し}瓜
whence
ﾙｰﾊﾚ+△i姜二L}にKerDル
Ｐｒｏｐｏ８ｉｔｉｏｎｌ３１ｎｔｈｅｃａｓｅｏｆＤガーロノｏｒ始り＝さ)，thedefiningstress-strain
equatiｏｎｏｆｔｈｅＧＬＳｆｏｒ〃＝２reducesｔｏ
ルーハレ＋ 4毒i二匹}ａ
日切/［
ＦｒｏｍＰｒｏｐ４(1)，
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D纒一八{､,+竺圭具些}。=叩(にR） (4.12）
Equation(47)assertsthat
九4i寺=し。‐甥｡+砦｡eImm
Theleft-handsideofeqn.(4.12),then,belongstolmDi,ｗｈｉｌｅｊｉ藍ＩｍＤ‘(Prop6)．
Thus,ｔｈｅcoefficientashouldbeequaltoO． □
ArelaxationtimeyieldsadiffusionoperatorandviceversaPropositionl3further
impliesthatarelaxationtimedeterminestheVoigtsolidexceptfortherelaxation
strengthortherelaxationofthecompliance・BygeneralizingPropl3,ｉｔｆｏｌｌｏｗｓｔｈａｔ
Ｔheoreml
D－ん{､+急剥,-重諺`qル
ー
ル人{､+薑多(』篝")}。
(4.13）
reducesｔｏ
(4.14）
whereロブisadiffusionoperatorand4arelaxationstrengthorasumofrelaxation
strengths,associatedwiththerelaxationtimｅｏｆＦＰ)＝１/②．
Definition9TheproductdiffusionｏｐｅｒａｔｏｒＤｏｒｔｈｅＧＬＤＥｉｓｓａｉｄｔｏｂｅｉｒreduc‐
ible,ifalltherootSofequationP(jr)＝Oaredifferentoneanother,andreducible，
otherwise
TheVoigtsolidiscalledtheVoigtunitintheGLS・FromTheoremlitis,according‐
ly,impossibletoseparatetheresultantrelaxationofthecomplianceintotherelaxa‐
tionsofthecompliancefortheindividualVoigtunitsOnlytherelaxationsofthe
compliancefordifferentrelaxationtimesareexplicitlyrepresentedlnthetheoryof
thepoint-defectrelaxationincrystallinesolids，ｓｕｃｈcaseoftenoccurswhenthere
involvepointdefectsofaspeciesandequivalentsymmetriesinthepointgroupofthe
defectsymmetries・Ｉｎｓｕｃｈｃａｓｅｔｈｅｒｅｌａｘａｔｉｏｎｓｏｆｔｈｅｃomplianceareregardedtobe
equalforeachcomponentVoigtunit,sothattherelaxationofthecomplianceforeach
componentVoigtunitisdealtoutinequalportion．
5．ＳｏｌｕｔｉｏｎｏｆＤＧＬＥ
Ｃｏｎｓｉｄｅｒｔｏｓｏｌｖｅｔheirreducibledifferentialgenerallinearequationdefiningthe
GLSFromTheoreml，ｔｈｅＤＧＬＥｉｓｇｉｖｅｎｂｙ
ＡＢＡ６
Ｚα‘E(ん~`)＝ｚ６ｆぴ(脆~‘）（α‘,ｂｆｅＲ+,αo＝１)，（5.1）ガーＯｉ＝Ｏ
whereα‘and6fareemployedinsteadofグガａｎｄ６ｉ.Thedifferentrootsofeqn.(4.2)are
alsowrittenas-α`(ノー1,2,…,ﾉＩＦ)withouthatLetamatrixAabe
Physico-MathematicalConsiderationoftheMultiRelaxationinSolids 3９
’ １Ｚａｈｉｌ≠１Ｚαｉ,αｆ２ｉｌ,趣≠1,il<ｉ２ １Ｚａｆ，ｉｎ≠２囚α‘,αi2il,ｉ２≠2,i】＜鹿 ｌＺａｊ】ｉ２≠ｋＺαinαね血,ｉ２≠ｋ,向くi2 Ｉ｜｜ａＡ ａ２ａ９…αNC αlα３．．．α化 α1α2..．ａｋ－１
thedeterminantofwhichisthesimplestalternatingfunctionofaj(ノー1,2,…,ｋ)5),i,e､，
｜A`|＝且(α關一助）
Sinceα/s(ゴー1,2,…,ル)aredifferentoneanother，ｔｈｅｍatrixAaisregularNowby
setting
九＝６０
４＝群)(A万1万k
埒)＝Ｍｌｈ
(豆ﾙｰ会-,黒(鯉）
eqn.(5.1)becomeseqn.(4.8)．
Ｌｅｍｍａｌ
Dﾙﾎﾟ｡)－才｡-.-c…nｔ
P''０q/、
ＦｒｏｍＰｒｏｐｌ(4")，
D池灯)-脚十鵜
Combinedwiththeassumption，
肌。=齢⑨
Thus，αｔｏ＝０；ｔｈａｔｉｓ，oisconstant・Theconversepropositionisreadilyprovedby
followingthefirstpartoftheproofinversely． □
Theorem21foisconstant,ｔｈｅｎ
←ん('+舅４．北（52）
isaspecialsolutionoftheirreducibleDGLE(5.1).Combinedwiththegeneralsolution，
thesolutionofeqn.(5.1)ｉｓｇｉｖｅｎｂｙ
－ﾉb('+倉｣仏)．+舅α`川ａＥＲ）
Ｐｍｑﾉｾﾞ
ＢｙｏｐｅｒａｔｉｎｇＤｏｎｅｏｆｅｑｎ(5.2)，
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Ｄご=人{D+≦｣(,=鮖沖`}ａ
ＦｒｏｍＬｅｍｍａｌ,itfollowsthatthisequationbecomｅｓｅｑｎ(4.8).Thestraingivenby
eqn.(5.2)is,thus,asolutionoftheGLDE(5.1)Then，
。-Ｊu('+＝｣仏)にKeID
FromProp5，
壜-ん('+舅4．ルー急α仏(ａＥＲ） □
６．ＭechanicalModeloftheGLS
TheVoigtsolidismodelledonthebasisoftheHookeanspringandtheNewtonian
dashpot,byconnectingthelattertwomodelsinparalleLThismodeloftheVoigtsolid
isrepresentedbythesamestress-strainequationaseqn.（2.5),sothatthemodelis
identifiedwiththeVoigtsolidAttachingaHookeanspringtotheVoigtmodelin
seriesyieldsamodelspecifiedbythesamestress-strainequationasthestandardlinear
solidThemodeloftheSLSｉｓｅｘｔｅｎｄｅｄｔｏａｍｏｄｅｌｏｆｔｈｅｇｅｎｅｒａｌlinearsolid,when
aHookeanspringand〃Voigtmodelsareconnectedallinseries6).Ｔｈｅｍｏｄｅｌｏｆｔｈｅ
ＧＬＳｉｓｅｖｉｄｅｎｔｌｙｃｈａracterizedbythedifferentialstress-strainequationidenticaltothe
definingdifferentialequationｏｆｔｈｅＧＬＳ４)．
7．CorrespondencebetweenMathematicalandPhysicalPropertiesoftheGLS
TheVoigtunitisacomponentoftheGLSmodeLArelaxationtimezli)isassociated
withtheVoigtunit,whichisdefinedbythedifferentialstress-strainequationaseqn．
(2.5).AVoigtunitoftheGLSyieldsadiffusionoperatorspecifiedbytherelaxation
timeoftheVoigtunit;thereisaone-to-onecorrespondencebetweenaVoigtunitand
adiffusionoperatorthroughtherelaxationｔｉｍｅＳｅｒｉａｌｃｏｎｎｅｃｔｉｏｎｏｆｔｈｅｔｗｏＶｏigt
unitsintheGLScorrespondstothecompositionofthetwocorrespondingdiffusion
operatorstotheVoigtunits
71CommutativityofDiffusionOperators
Twodiffusionoperatorscommuteseachothｅｒｆｏｒｔｈｅｃｏｍｐｏｓｉｔｉｏｎｏｆｔｈｅｔｗｏ
ｏｐｅrators(Prop2(1))LetthetwodiffusionoperatorsbeＤ１ａｎｄＤ２・Thecomposition
D1oD2is,ｉｎｔｈｅＧＬＳｍｏｄｅｌ,regardedasaserialconnectionofthecorrespondingtｗｏ
ＶｏｉｇｔｕｎｉｔｓＶ１ａｎｄＶ２ｉｎｔｈｅｏｒｄｅｒofthesuffixnumber,forinstanceInthegeneral
linearsolid,thereproducesnosubstantialdifferenceinmechanicalpropertyevenifthe
orderofconnectionofthetwoVoigtunitsisinverted・Suchmechanicalpropertyinthe
GLSｒeflectsthecommutativityofthediffusionoperators、
7.2ＰｒｏｐｅｒｔｙｏｆＫｅｒＤ;＝ＫｅｒＤ‘
ＴｗｏＶｏｉｇｔｕｎｉｔｓＶ１ａｎｄＶ２ｉｎｔｈｅＧＬＳａresaidtobeequivalent,iftheirrelaxation
timesarethesaｍｅＴｈｅｕｎｉｔｓＶｌａｎｄＶ２ａｒｅｓｐｅｃｉｆｉｅｄbythestress-strainequations：
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D鱈.←砦｡('-1,2） (7.1）
ＩｆＶｌｉｓｅｑｕｉｖａｌｅｎｔｔｏＶ２，
z8J)＝懇)とf宙十2)．
Thus， Ｄ,＝Ｄ２とｆＤ,+２，
and川…＝馨錺。 （7.2）
ｗｉｔｈＥａ,1+2聖fea,1＋Ea,２，ＭR,l+2雀ｆａ/iR,1＋d/iR,2．
Equation(7.2)impliesthattwoVoigtunitsofthesamerelaxationtimeisidenticalto
aVoigtunitofthesamerelaxationtimewiththerelaxationofthecomplianceaslarge
as肌,,+2＝肌,,＋a/iR,2EquivalenttwoVoigtunitsrelaxsimultaneous1yintheGLS,so
thatthetwounitsisreplacedwitｈａＶｏｉｇｔｕｎｉｔｏｆｔｈｅｓａｍｅｒｅｌａｘａｔｉｏｎtimethoughthe
relaxationofthecoｍｐｌｉａｎｃｅｉｓｔｈｅｓｕｍｏｆｔｈｏｓｅｆｏｒｔｈｅｃomponenttwounits､Then，
ｔｈｅｒｅｓｕｌｔａｎｔＶｏｉｇｔｕｎｉｔｏｆｔｈｅｔｗｏｅquivalentVoigtunitsisnoｔｈｉｎｇｂｕｔａＶｏｉｇｔｕｎｉｔ
ｏｆｔｈｅｓａｍｅｒｅｌaxationtime・Ｉｎｅｑｎｓ.（７１）ａｎｄ(7.2),theleft-handsideisalwaysthe
saｍｅ,andsothegeneralsolutionsofeqns.(7.1),(72)arethesameaswellAsforthe
diffusionoperator,compositionofthesamediffusionoperatorscorrespondingtothe
connectionoftwoequivalentVoigtunitｓｉｎｔｈｅＧＬＳ，therefore，yieldsonlyasingle
diffusionoperatorcorrespondingtotheVoigtunitresultingfromthetwoequivalent
Voigtunits・ItfollowsthatKerD:＝ＫｅｒＤｉ,andfurthermore,ＫｅｒＤ’＝ＫｅｒＤ'（加
之２)．
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